When waves propagate through weakly scattering but correlated, disordered environments they are randomly focused into pronounced branchlike structures, a phenomenon referred to as branched flow, which has been studied in a wide range of isotropic random media. In many natural environments, however, the fluctuations of the random medium typically show pronounced anisotropies. A prominent example is the focusing of tsunami waves by the anisotropic structure of the ocean floor topography. We study the influence of anisotropy on such natural focusing events and find a strong and nonintuitive dependence on the propagation angle which we explain by semiclassical theory.
In many natural and technological systems, waves propagate through a complex medium and are scattered by fluctuations in the medium. Because of its complexity, the medium is often best described as random; however, due to its internal structure the randomness exhibits spatial correlations. If these correlations persist on scales longer or comparable to the wavelength, even tiny fluctuations in the medium will focus the waves into branches, leading to strong fluctuations in the wave intensity on length scales below the mean free path. Examples that have been experimentally and theoretically studied in the literature range from the propagation of electron waves in the correlated disorder potential of semiconductor heterostructures [1] [2] [3] [4] , via the microwave transmission through arrays of random scatterers [5, 6] and the sound propagating through the oceans with their fluctuating water density [7, 8] , to the focusing of tsunami waves by small structures [9] . This very general phenomenon of branched flow is tightly connected to the formation of random caustics, i.e., singularities in the corresponding ray dynamics [10] [11] [12] with universal statistical properties [13] . It leads to heavy tailed intensity distributions [5, 8, 12, 14] and extreme wave events [15] and has been shown to be an important mechanism for the formation of so-called rogue or freak waves in the oceans [16] [17] [18] .
While the theory of branched flow has so far only studied homogeneous, isotropic random media, many real systems show a pronounced anisotropy in their structure. The example that initially motivated our work is the dynamics of tsunami waves. We have recently shown that small variations in the height of the ocean floor topography (the bathymetry of the ocean) will randomly focus tsunami waves with severe implications for their predictability [9] . Because of the geological processes generating these bathymetry structures, they tend to be highly anisotropic (see, e.g., Ref. [19] ), which becomes apparent at the typical ridge structures. To thoroughly understand the height fluctuations of tsunami waves a theory of branched flow in anisotropic media is indispensable. Moreover, there is a wide range of systems to which this theory will be applicable, including electron dynamics in anisotropic semiconductor crystals, the transmission of light through layered biological tissues, or the scattering of seismic waves [20] .
In this Letter, we study two-dimensional anisotropic branched flows as exemplified in Fig. 1 (in the semiclassical trajectory or ray approximation). We derive the branching length scales for general two dimensional anisotropic random media and compare our results to the analysis of tsunami propagation in anisotropic bathymetries. Moreover, we demonstrate that in anisotropic weak disorder not only the intensity fluctuations but even the (ensemble) averaged mean intensity can strongly differ from systems with isotropic disorder or systems without any disorder at all. We show that this behavior is connected to anomalous velocity diffusion with simultaneous sub-and superdiffusion in the different propagation directions due to channeling.
The branching length, i.e., the characteristic length scale of branched flows [6, 12, 13] , scales with the mean distance from the source to the first caustic d fc [10] , which holds for semiclassical descriptions of the Schrödinger equation in the same way as for tsunami propagation [9, 21] . In the following, we assume that the dynamics follows the Hamiltonian H ¼ 1 2p ·p þ VðxÞ, where the random potential VðxÞ is a homogeneous Gaussian random field with zero mean hVi ¼ 0 and with correlation function cðxÞ ¼ hVðxÞVð0Þi. We assume that the medium is weakly scattering; i.e., its standard deviation is small compared to the kinetic energy E 0 of the particles, ϵ ≔ ffiffiffiffiffiffiffiffiffi
, and thus scattering is mainly in the forward direction, and that the system size is well below the mean free path.
In the isotropic two-dimensional case with a characteristic length scale l c and correlation function cðxÞ ¼ ϵ 2 fðx ·x=l 2 c Þ withx ¼ ðx; yÞ and fð0Þ ¼ 1, exact results on first caustic statistics have been obtained [10, 13, 22] . Here, we rely on scaling arguments that are inspired by Ref. [12] and which we have previously extended to tsunami waves [9] .
We study an initial condition that corresponds to a plane wave propagating in the x direction, i.e., xðt ¼ 0Þ ¼ 0, v y ðt ¼ 0Þ ¼ 0 (Fig. 2 , lower row). Since the potential is weak, we can use the paraxial approximation for analytical calculations, neglecting the forces in the propagation direction, such that the propagation distance in the x direction is proportional to the time xðtÞ
All numerical simulations are performed with the full two-dimensional dynamics.
For weak random potentials, the motion perpendicular to the main propagation direction can be approximated by the Langevin equations
where ΓðtÞ is a Gaussian white noise with zero mean, and the correlation function appears in σ as given by [8, 10, 13, 23 ]
Caustics typically begin to occur when trajectories first cross, which is when they have traversed on the order of one correlation length in y, hyðt fc Þ 2 i ∝ l 2 c . The second moment of the motion described by Eqs. (1) scales like hyðtÞ
(e.g., Ref. [9] ) from which we conclude [1, 13] 
To study anisotropic media, we introduce a modified correlation function of the form
where fð·Þ is an arbitrary decaying shape function [24] as in the isotropic case. The linear transformationx 0 ¼ Mx with M ¼ M S M R is composed of a matrix M S that stretches space by two different factors along two orthogonal principle axes and a rotation M R , i.e.,
where the angle α is the angle between the coordinate axes and the principle axes of the medium. The parameters a and b are the inverse correlation lengths along the principle axes of the medium and by choosing a
c , we recover the isotropic case. Examples are shown in Fig. 2 .
When we study the propagation of parallel trajectory bundles ("plane wave" initial conditions) in the anisotropic medium, the mean distance to the first caustic can be found in analogy to the isotropic case. We choose the main propagation direction to be the x direction and find the diffusion constant σ 2 in an anisotropic medium by inserting the generalized correlation function, Eq. (4), into Eq. (2), which yields
The initial separation of the trajectories meeting in a caustic has to be proportional to the correlation length l tr transverse to the propagation direction. This transverse correlation length can be found as the inverse of the radius r ab of an ellipse with main axes (a, b) at an angle α þ π=2 from the a axis, i.e., PRL
The proportionality factor depends on the initial condition (and incorporates a constant from the integral of the correlation function, for details see Ref. [21] ). This result is surprising as can be most easily seen for the case α ¼ 0:
y we find
Comparing this to Eq. (3) illustrates that if one starts with an isotropic case and then decreases correlations in one direction, the focusing distance actually grows as illustrated in Fig. 2 . This is in strong contrast to the isotropic case, where a smaller correlation length always leads to a smaller focusing distance. To verify Eq. (8) we simulated trajectories with plane wave initial condition in 500 realizations of random potentials and computed the average distance to the first caustics for various values of the anisotropy ratio A ¼ b=a and the initial propagation angle α (for constant a, ϵ ¼ 0.05 and E 0 ¼ 1). The results show excellent agreement with the theory and are shown in Fig. 3(a) . Our results also hold for a point source initial condition [inset of Fig. 3(a)] . Surprisingly, the distance to the first caustic does not show an elliptic but a pronounced dumbbell structure, which is in excellent agreement with the theoretical prediction, Eq. (8) .
We now compare our results to simulations of waves. It has recently been shown that the scintillation index, measuring the relative variance of the fluctuations in a wave flow as a function of propagation distance from the source, is well suited to determine the branching length from wave measurements or simulations [6, 9] . It shows a pronounced peak at the onset of branching, where the strongest focusing occurs. In the following, we study point sources because they more intuitively illustrate the angular dependencies. We define a spatially resolved scintillation index by
where IðxÞ is the intensity of the wave at positionx, with the point source at the origin, and ðr; φÞ are the polar coordinates ofx. Averages are taken over the ensemble of random media. In Fig. 3(a) we show the scintillation index averaged over tsunami waves propagating in 200 realizations of an isotropic random bathymetry, using the same model and methods as in Ref. [9] . The bathymetries have a standard deviation of 8% of the ocean's depth and a Gaussian correlation function with a correlation length of l c ¼ 100 km; the wavelength of the tsunami waves is 20 km. The scintillation index has the shape of an annulus (the remaining fluctuations in the angular dependence are due to the limited number of realizations because of the high numerical costs). The annulus corresponds to the above mentioned peak in the scintillation index that is also demonstrated in the angle average hΣðr; φÞi φ shown in Fig. 3(c) . In the anisotropic case, the scintillation index shows the strong, nontrivial angle dependence predicted above. Remarkably, even the mean intensity of an anisotropic branched flow shows pronounced angular dependence. While in the isotropic case, the intensity of a point source averaged over many realizations drops like the inverse of the distance from the source as long as the paraxial approximation is valid, the mean density from a point source in an anisotropic medium shows a strong angle dependence, as illustrated in Fig. 4(a) .
In the isotropic case, the mean density can be understood by diffusion in the angle of the velocity, with a diffusion constant given by σ 2 as defined in Eq. (1) . A hypothesis for explaining the angle dependence in the anisotropic case is therefore that it results from diffusion of the velocity with a diffusion constant that depends on the propagation direction. We found that simulations of such a model, however, showed very different density profiles. Examining the example of Fig. 1 more closely, we identified another possible mechanism: the trapping of trajectories due to channeling along the direction of the longer correlation length. To verify this hypothesis we studied the spread of the distribution in the velocity angle ϕ as a function of time for plane wave initial conditions at an angle α from the direction of the longer correlation. For pure diffusion, one expects the density to be pðϕ; tÞ ¼ exp½−ϕ 2 =ð2D α tÞ= ffiffiffiffiffiffiffiffiffiffiffiffi ffi 2πD α t p , with a diffusion constant D α ¼ σðαÞ 2 given by Eq. (6). Figure 4(b) , however, shows that for the case α ¼ 0 the staying probability pðϕ ¼ 0; tÞ decays with a smaller exponent than 1=2 (1=4 in the example); i.e., we find channeling along this axis and an indication for subdiffusion. This is confirmed by the observation that the standard deviation grows with an exponent lower than 1=2. The precise value of the exponent depends on the anisotropy A [cf. Fig. 4(c) ] The motion in the perpendicular direction (α ¼ π=2) shows normal diffusion behavior until the width of distribution reaches π=2, i.e., pðAEπ=2; tÞ > 0. Then, channeling sets in again and the spread becomes superdiffusive, as indicated by the staying probability and standard deviation. The latter, however, saturates as soon as the angle distribution starts to fill the whole circle, i.e., when pðϕ ¼ AEπ; tÞ > 0.
The origin of the channeling behavior is clearest in the case of infinite anisotropy shown in Fig. 4(a) , where the potential is a function of y only. In this case, the degrees of freedom separate and no transfer of energy occurs, i.e., E y ¼ v 2 0 cos 2 ½ϕðtÞ=2 þ UðyÞ ¼ const and
Thus, trajectories oscillate in the y direction (while monotonically moving in the x direction) when the maximum of the potential U is larger than E y , defined by their initial condition. This allows us to estimate the maximal angle of channeling trajectories. The probability distribution of the maximum of a 1D Gaussian random field with variance ϵ 2 in an interval of length L ¼ Nl c to be smaller than U is given by Pðmax U < UÞ ¼ exp ½− ffiffiffiffiffi ffi 2π p N exp ð−U 2 =2Þ (see, e.g., Ref. [25] ). The resulting density is unimodal and strongly peaked, and the peak position U max can be very well approximated by
With this we can estimate the range of channeling orbits by eliminating L from x m ¼ L= tanðϕ 0 Þ and y m ¼ L with
The curves described by ðx m ; y m Þ are plotted in the right inset of Fig. 4(a) by black dashed lines and their intersection with the circle of the cut in the main panel by red bars, in very good agreement with the numerical results. Because channeling occurs on length scales slightly larger than the first caustic lengths we do not expect that the onset of branching is affected by anomalous diffusion. How this changes the wave intensity statistics for longer propagation distances is an interesting question for future work.
In conclusion, we have studied branched flows in weakly scattering anisotropic random media. We have found a strong and nontrivial angular dependence of the branching length and presented a semiclassical theory in excellent agreement with the numerical findings, both for rays and waves. Moreover, we have shown that even the mean density of flows in such media shows a pronounced angle dependence due to channeling along the direction of longer correlations, showing a simultaneous interplay of sub-and superdiffusive behavior. Our results have applications in a wide range of physical systems ranging from electron dynamics, via the propagation of tsunamis, to the scattering of seismic waves.
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